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ABSTRACT

The space charge limited current of an electron beam generated in a magnetically insulated foil-less diode by a cylindrical or hollow cathode
and injected into a cylindrical drift tube depends on the energy of the electrons and on the ratio of the beam radius to the tube radius. When
this beam drifts into a tube of larger radius, it exceeds the corresponding space charge limit. This leads to the formation of a virtual cathode
and to the reduction of the energy of the beam. The latter is known as a squeezed beam state. When the cylindrical tube consists of more seg-
ments of different radii and lengths, the dynamics of the beam can be manipulated. We propose a simple configuration resulting in the pro-
duction of a high-frequency periodic train of high-current electron beam pulses.
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I. INTRODUCTION

A large number of publications, in particular from the former
Soviet Union since the 1970s1 and up to recently, deal with the propa-
gation of high-current electron beams in nonuniform conducting
cylindrical structures. In all these studies, the beam is considered to be
strongly magnetized by an external guiding magnetic field. For an elec-
tron beam of radius rb injected into an infinitely long tube of radius R,
the amplitude of the current is restricted to its space charge limited
value ISCL,

1

ISCL ¼
mc3

e
c2=3 � 1
� �3=2

j
: (1)

Here, mc3
e � 17 kA is the Alfv�en current and c ¼ 1þ eV

mc2 is the relativ-
istic factor, whereV is the anode potential and j is the geometrical fac-
tor which is given as

ja ¼ 2ln
R
rb

and js ¼ 1þ 2ln
R
rb
; (2)

where a and s stand for the thin walled annular or solid beams, respec-
tively. It is assumed that the tube is much longer than its radius L�R,
the external magnetic field, B0, is significantly larger than the self-
magnetic field produced by the beam current, and the electron Larmor
radius is smaller than the beam radius or thickness.2 For a thin walled
(the wall thickness significantly smaller than the beam radius) relativ-
istic annular beam propagating in an infinite tube, it was shown3

that the space-charge limited current reduces to the asymptotic value,
IF< ISCL,

IF ¼
mc3

2eln
R
rb

c� cFð Þ
c2F � 1
� �1=2

cF
; (3)

where cF ¼ ð2cþ 1
4Þ

1=2 � 1
2. When an electron beam with a current I0

larger than ISCL (of either form above) is injected into a tube, the cur-
rent flow is perturbed by the local space charge forces. This leads to a
decrease in the electron velocity, and part of the electrons are reflected
from a virtual cathode (VC) region. The rest of the beam with current,
I � ISCL, flows downstream from this location. When an annular elec-
tron beam propagating in a tube carries a current satisfying the condi-
tion I � IF and flows directly into a tube of larger radius, then this
second tube is necessarily “overinjected” because for this tube, I � IF
and a VC forms. The excess of the injected current at that location
above IF forms a return current traveling backward toward the injec-
tion plane. Along the distance between the VC and the injection plane,
the forward and backward currents accumulate charge which may
become too large. Then, the repulsive Coulomb force slows the elec-
trons down, and so overall, less charge travels in both directions and
less charge is accumulated. This was named by Ignatov and
Tarakanov,5 a squeezed state of a high current beam. In Ref. 6, the
dynamics of structures with one or two radius transitions were numer-
ically simulated and analyzed.

This fascinating dynamical structure was recently picked up
again, and it was suggested that it may be utilized in high-current and
high-power microwave devices. Fuks et al.7 considered a magnetically
insulated structure with two consecutive sections of increasing radius
as the underlying structure of a magnetron with a diffraction output
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(MDO) where the squeezed charge is used as the magnetron electron
source. Gromov et al.8 and Fuks and Schamiloglu9 have replaced the
constant magnetic field with an increasing one, which forms a mag-
netic mirror forcing the beam exiting the squeezed state region to
return to the interaction region of the MDO.

Dubinov et al.10 have shown a variation of these ideas which may
be used as a vircator but with a magnetically insulated beam propagat-
ing through a long dielectric tube to vacuum. In experiments,
Belomyttsev et al. added a drift tube consisting of two and three
increasing radius cylinders to a magnetically insulated diode of a 2MV
electron accelerator producing a 20 kA, 50 ns long electron beam gen-
erated by an annular cathode. It was shown that the current is limited
as expected [Eq. (3)], and the existence of the squeezed state was
experimentally verified.

Recently, a large amount of work has been invested in the
attempt to use the electron plasma density oscillations formed in the
squeezed state as a microwave radiation source.9–13 Our recent work
on overinjecting a diode and the development of self-oscillations14,15

has triggered our interest in studying such high-current electron beam
instabilities in an attempt to produce space-charge self-oscillations,
resulting in bunched electron beams at the output of the system. In
our original scheme,14 the initial injected current is required to be
below the SCL of the voltage gap. The latter can be realized with a
thermionic emitter operating in a current limited emission mode (up
to a few Amperes). However, such a scheme is impractical for high-
current (hundreds to thousands of Amperes) electron beam bunches.

In the present paper, we propose a way to exploit such systems
for high-current applications by delaying the formation of the squeezed
state of a high-current beam and obtain high-current electron bunches
during the self-oscillatory period of the oscillating electron beam space
charge. Such electron bunches can be used in separate slow wave struc-
tures to extract microwave energy, in accelerators or other important
applications.16 We consider here annular beams only though solid
beams behave in a similar way. We use the MAGIC PIC (Particle In
Cell) code in our simulations.17

II. A SYSTEM WITH CONSECUTIVELY INCREASING
RADIUS ANODE TUBE SEGMENTS

We first study a diode injecting an annular beam from its hollow
thin wall cathode into two consecutive sections with increasing radii
(Fig. 1). In the 3D-PIC simulations in cylindrical coordinates, we

assume that only the 1mm thick tip of the hollow rb¼ 1.5 cm radius
cathode emits a space-charge-limited current. A uniform 2T axial
magnetic field is present in all our calculations. The three consecutive
anode tube segments of radii r1¼ 2.5 cm, r2¼ 3.5 cm, and r3¼ 8 cm
are l1¼ 2 cm, l2¼ 10 cm, and l3¼ 4 cm long. A 150 kV voltage pulse
rising in 1 ns is applied at z¼ 0 from which it advances as a TEM
wave into the system and from which it exits at z¼ 22 cm (Fig. 1).

In Fig. 2, the time dependence of the input voltage, the emitted
current, the current collected on the downstream boundary, and the
upstream current, that is, the current collected on the upstream
boundary and the nonemitting cathode surfaces [see Fig. 1(b)], is
drawn.

The behavior of the PIC calculated values of the input voltage
and various currents in Fig. 2 can be understood by studying the time
dependent electron dynamics in the [pz,z] phase-space displayed in
Fig. 3. In Fig. 3(a) at t¼ 2.1 ns, the beam has just reached the down-
stream boundary. At t¼ 4.0 ns [Fig. 3(b)], near the two radial increase
points, VCs develop. In Fig. 3(c) (t¼ 5.8 ns), return currents from the
two VCs are seen and the return current from the first VC has just
reached the emitter. This coincides with the reduction of the emitted
current in Fig. 2. The MAGIC-PIC code treats the input boundary as
an electromagnetic incoming wave, displaying a voltage difference
between the coaxial cathode and anode. This assumes an impedance
which depends at first on the cathode anode distance. As the wave

FIG. 1. The PIC simulated electron beam (red dots) at t¼ 2 ns (a) and 80 ns (b) in the [r, z] plane for a three section anode tube of radii 2.5, 3.5, and 8 cm and l1¼ 2, l2¼ 10,
and l3¼ 4 cm.

FIG. 2. The input voltage (black) and the emitted (red), the downstream (blue), and
the upstream (green) currents vs time for the case seen in Fig. 1.
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propagates and the emitted current reduces because of the formation
of the VCs and the increasing return current, the voltage needs to
increase because of the increased diode impedance.

After�4ns, the voltage increases from 150 kV to�172 kV, while
the emitted current decreases from�960A to�360A. ISCL values cal-
culated using Eq. (3) for R¼ r1 and r3 are 970A (150 kV) and 360A
(172 kV), respectively, which agree with these PIC calculated results.
This lower value holds up to�12ns when both the emitter and down-
stream currents reduce further to a level of �310 and �260A, respec-
tively, during the next 15–25 ns, while the voltage further increases
slightly. At the same time, a current appears on the upstream bound-
ary and the nonemitting surfaces of the cathode. The appearance of
this current is the result of the increasing beam width [see Fig. 1(b)]
and its upstream flow away from the emitter [Fig. 3(d)]. Note the small
oscillations mainly in the emitted current and the voltage before the

beam reaches a steady state flow and the corresponding small turbu-
lences at z� 7–8 cm as seen in Fig. 3(c). In time, the system settles to a
steady phase space distribution as that seen in Fig. 3(e).

In Fig. 3(f), the average electron energies of the downstream flow-
ing electrons and the upstream flowing electrons are drawn separately
as positive and negative values, respectively, at the time instants as
those of the snapshots in Figs. 3(a)–3(e). There is no negative flow for
t� 5.8 ns, but since too much space charge accumulates in the
upstream larger radius segment, first, the beam energy reduces below
the accelerating energy followed by the formation of two VCs. In
Fig. 4, we draw curves along the top of the histogram of the number of
electrons along the beam in longitudinal bins of Dz¼ 2mm contain-
ing Dn electrons. Below this value of Dz, these curves do not change
and they represent a longitudinal electron density Dn/Dz for this
thin annular beam. In time, the energy of the electrons reduces

FIG. 3. PIC simulated [pz,z] phase-space snapshots at 2.1 (a), 4.0 (b), 5.8 (c), 12.0 (d), and 80 ns (e) for the three segment system in Fig. 1. Grid lines are drawn at the posi-
tion of the emitter tip and the two radial transition points. (f) The average energy vs z at the same points in time as in (a)–(e). The average energy of downstream flowing elec-
trons (positive energy lines) is displayed separately from electrons flowing upstream (negative energy lines).
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considerably to a steady low energy flow as the squeezed state is
reached as soon as 12 ns [Fig. 3(f) and the beam density increases
along the central region of the three segment tube (Fig. 4) where the
electrons move slowly down- and up-stream [Fig. 3(f)].

Most of the dynamics presented in this section has been observed
in the early literature,4,6 but its present analysis will be useful to under-
stand and compare the results of the manipulations introduced in
Secs. III and IV.

III. DELAYING THE FORMATION OF A SQUEEZED
STATE

The anode radial transitions following the magnetically insulated
foil-less coaxial diode is a system where VCs form by design. The pres-
ence of more than a single VC along an axial distance can cause oscil-
latory electron motion between the VCs. For systems such as that
studied in Sec. II, the electron oscillations are suppressed during the
first few nanoseconds due to the electron distribution function’s
spread in the phase space and the formation of the squeezed beam
state [see Figs. 3(d) and 3(e)]. The main purpose in this work is to
delay the formation of the squeezed state and design the system to
oscillate and release periodic high-current electron bunches.

There are two sources of the electrons dispersing in phase space.
First, electrons reflected from the oscillating VC are not monoener-
getic, and this energy spread destroys the coherent structure of the par-
ticles’ flux. This inherent property of the VC cannot be eliminated.
The second reason is the repulsive Coulomb force of the space charge
which moves electrons away from each other and decreases the spatial
modulation of the electron density permanently. This effect, in princi-
ple, can be considerably weakened.

The difference between the beam and SCL currents is the mea-
sure of the effect of space charge on the electron motion: the larger the
difference between the two, the smaller the Coulomb repulsion force.
Thus, the space charge repulsive forces which damp the current modu-
lation can be reduced if the radius of the second section is smaller than
the radii of the first and the third sections, so that I< ISCL. The
Coulomb force will manifest itself when the space charge accumulated
in this section becomes large enough. The larger the ratio ISCL/I, the
longer the time required for the accumulation of this amount of charge
and the longer the duration of the current oscillations.

Here, let us note that in Ref. 11, an anode segment of smaller
radius than that of the anode tube of the coaxial diode segment has
been introduced as an anode insert. Other than using this midsection’s
distance from the emitter to control the emitted current, its dynamical
role was not studied.

We consider the geometry of the system seen in Fig. 5 which dif-
fers from that studied in Sec. II in that the midsegment has a smaller
radius (r2¼ 2.0 cm) than the upstream segment (r1¼ 2.5 cm).

In Fig. 6, the PIC calculated time dependence of the voltage at the
upstream boundary and currents at various points along the system is
displayed.

The only difference between the cases studied in Figs. 6 and 2
is in the radius of the midsegment, r2¼ 2.0 cm and 3.5 cm, respec-
tively. At the same time, the behavior of the currents is very differ-
ent. The voltage increases and the emitted current decreases at
�4 ns for both cases, which reflects the return current’s arrival to
the cathode. From this point for the larger radius midsegment, the
voltage and the currents stabilize, whereas for r2 < r1<r3, all oscil-
late for a period of a few tens of nanoseconds. The reason for this is
explained next.

In Fig. 7, the electron phase space is displayed for time instants
which represent the main features of the dynamics.

FIG. 4. The longitudinal electron density along the beam of Fig. 1 at the same times
as in Fig. 3(f).

FIG. 5. The PIC simulated position of the electron beam (red dots) at t¼ 2 ns for a
system of 3 segments of radii 2.5, 2, and 8 cm and l1¼ 2, l2¼ 10, and l3¼ 4 cm.

FIG. 6. Time dependence of the voltage at the upstream boundary, the emitted cur-
rent (violet), the current crossing the downstream boundary (blue), the current
crossing the upstream boundary (red), and the current collected on the nonemitting
cathode surfaces (black) for the system in Fig. 5.
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In contrast to Fig. 3, the VC at the r2-r3 transition does not disap-
pear while squeezing turns on. The VC near the emitter moves
between the emitting point and the position of the r1-r2 transition
point [Figs.7(b)–7(d)]. This is responsible for the oscillation in the
emitted current as seen in Fig. 6 at a frequency of �290MHz of the
order of a round trip between the VCs. At the same time, the r2-r3 VC
counter reacts with similar oscillations responsible for the appearance
of (weaker) oscillations in the current exiting the system downstream.
In time, the phase space island fills up rather than squeezing
completely [compare Figs. 7(e)–7(f) with 3(d)–3(e)]. At first, turbulent
flow develops with periodic structures [Fig. 7(e)]; at later times, the

island fills up completely, its size remains the same, and the VC oscilla-
tions in z are less apparent.

In Fig. 8, the average electron energies corresponding to Figs.
7(a) and 7(e)–7(f) are displayed. In contrast to Fig. 3(f), it is clear that
though squeezing is attempting to set in along the island, the process is
delayed significantly, and at the same time, the average energy of the
electrons does not decrease to the several kilo-electron-volt level as
seen in Fig. 3(f).

Finally, in Fig. 9, we observe that later in the process, the beam
becomes unstable in the radial direction. The beam disperses in r non-
uniformly, in spite of the presence of the strong axial magnetic field,
and negligible charge is shed to the anode up to the times considered
here. We have performed calculations by increasing the axial magnetic
field up to 10T with very little effect. The forces (Er�Bz) within the
space charge accumulating in the midsection also produce fast azi-
muthal electron motion which decreases the external magnetic field
locally because it consists of a diamagnetic current. In Fig. 10, this azi-
muthal flow can be discerned with off-annular charge rotating around
the axis. This azimuthally nonuniform space charge can lead to radial
Eh�Bz drift of electrons toward the anode. This very interesting
unstable radial motion of the beam will be analyzed in more detail in
the future.

Thus, we have confirmed that the existence of a midsegment
of lower radius, which can accommodate a higher charge than else-
where, delays squeezing and allows an oscillatory behavior over a
considerable time. The quality of the oscillations of the current at
the downstream boundary is not though sufficient for producing
electron bunches.

IV. IMPROVING THE OSCILLATORY BEHAVIOR

To improve the oscillatory behavior, we add an electrode at a dis-
tance of 1 cm downstream from the structure studied in Sec. III as
seen in Fig. 11.

A voltage difference V1¼ 150 kV between the cathode and the
anode is applied at the upstream boundary which increases to 180 kV
as before. A second decelerating negative voltage difference of
V2¼ –180 kV is applied between the anode and the additional elec-
trode (Fig. 11). The rationale for adding a third electrode is that by
decelerating the electrons in addition to the natural slow down at the

FIG. 7. PIC simulated [pz,z] phase-space snapshots at 1.6 (a), 3.6 (b), 5.4 (c), 6.0
(d), 18.6 (e), and 60 ns (f) for the system of Fig. 5. The vertical gridlines at z¼ 6, 8,
and 18 cm point out the position of the emitter, the r1-r2 transition point, and the
r2-r3 transition point, respectively.

FIG. 8. The average energy of the downstream (positive values) and upstream
(negative values) flowing electrons at 1.6 (black), 18.6 (blue), and 60 ns (red).
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VC, even more charge is forced into the midsegment of the anode. As
jV2j is increased, the electron bunches become more and more pro-
nounced, and at 180 kV, the current detaches from the electrode (zero
collected current) periodically between the appearance of two bunches.
A further increase in jV2j stops the current from arriving to this elec-
trode altogether. The results for V2¼ –180 kV are seen in Fig. 12.

The behavior of the other currents and the phase space are
similar to the case without the decelerating electrode, and the cur-
rent shed to the anode during the calculated time remains negligi-
ble. The results in Fig. 12 show that the addition of this electrode

FIG. 9. (a) The beam position in an [x,z] plane and (b) the electron charge distribution in the same plane but the magnified, at t¼ 57.4 ns.

FIG. 10. The electron charge distribution
in the [x,y] plane at z¼ 13 cm at the cen-
ter of the midsection at (a) t¼ 48.5 ns and
(b) 58.1 ns.

FIG. 11. The same structure as that in Fig. 9(a) with an additional electrode at
z¼ 23 cm. The electron beam is seen here for V1¼150 kV and V2¼ –180 kV at
70 ns.

FIG. 12. The time dependence of the voltage applied on the upstream boundary,
V1 (black), the negative value of V2 (green), and the current collected on the down-
stream electrode (blue). For comparison, the current at the downstream boundary
in the absence of the additional decelerating electrode (from Fig. 6) is also drawn
(red).
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forces the background current which flows downstream without
being slowed down from a level of �250A (red curve in Fig. 12) to
�90 A (the blue curve in Fig. 12) and �1.5 ns long [at full width
half maximum (FWHM)] electron bunches appear during the first
�30–40 ns carrying �150–200 A which are collected on the addi-
tional electrode with the same frequency as the oscillations seen
before. We have calculated the effect of increasing the value of the
voltage difference jV2j and found that we need 180 kV at the top of
the increased value of V1 (Fig. 12) to best separate between the elec-
tron bunches. The oscillation period is of the order of the round
trip of the beam between the two VCs along the midsegment. To
test this, we study the effect of varying the length, l2, of the midseg-
ment (Fig. 13). As the length of the midsection increases, the bunch
current maxima decrease, the time over which oscillations occur
increases, and the bunch appearance frequency decreases (501, 293,
and 232MHz for l2¼ 4, 10, and 15 cm, respectively). This is addi-
tional proof for the fact that the bunch formation frequency is
related to the round trip transit time, i.e., the temporal build-up
and collapse of the VCs due to subsequent depression of the elec-
tron emission from the cathode by the oscillating space charge of
electrons.

If the downstream electrode is replaced by a fairly transparent
grid, the electron bunches exit the system and can be used in any cho-
sen application.

V. CONCLUSIONS

Simulation results confirm our idea that by introducing after the
coaxial diode segment a midsection with a radius smaller than the
radius of the diode anode, followed by a larger radius anode segment
of a cylindrical electron beam system immersed in a strong magnetic
field, it is possible to make the system self-oscillate for a considerable
time before squeezing takes over. These self-oscillations can produce a
train of high current bunches appearing at a frequency which depends
on the round trip time of electrons between the VC near the cathode
and that near the second radius transition.

In this paper, we have chosen the lengths of the various sections
qualitatively. The length of the cathode segment was chosen so that
the cathode is sufficiently far away from the upstream boundary so
that the electromagnetic wave’s propagation in the coaxial tube section
has only a small effect on the particle dynamics. The distance between
the cathode emitting surface and the first anode radius change affects
the emitted current for a given voltage. The length of the midsection
affects the oscillation frequency and amplitude, but it is limited. If too
short, squeezing can turn on before oscillations develop as the two
VCs overlap; if too long, the two VCs may be too far apart; down-
stream and upstream current flows constantly, and all excess charge is
contained so that no charge bursts exit the downstream VC and
squeezing is delayed for a very long time. The length of the third seg-
ment was chosen so that the beam is collected close to the exit point
from the second virtual cathode.

The frequency range of the oscillatory behavior in the present
paper is in the range of 232–501MHz, which may be too low for
microwave applications. The upper limit of the oscillating frequency
should depend not only on the geometry but also on the electron
energy and current. This is the next step in our research where we shall
use analysis and simulations to test this issue.

The dynamics of this highly nonlinear system is extremely com-
plicated, but its potential is far from being harvested.
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