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ABSTRACT
The results of an experimental, analytical, and numerical study of the cylindrical shock wave generated by the underwater electrical
explosion of copper and aluminum wires are reported. Experiments were conducted using a microsecond timescale generator delivering
180 kA pulses with a 1.2 ls rise time. Shadow streak images were used to study the radial expansion of the exploding wire and the
generated shock wave. It was found that the shock wave expansion velocity decreases to the velocity of sound in two stages: a fast stage and
then a gradual stage. The fast stage occurs during 1.5 ls after the maximum of the resistive voltage is reached, and then, a gradual decrease
occurs during several tens of microseconds. It was shown that the duration of the fast stage corresponds to the period of time when the main
energy deposition into the wire occurs. Hydrodynamic simulations show that the fast decrease in the shock velocity is related to the
evolution of the exploded wire’s subsonic expansion, which leads to time/spatial compression of the adjacent water layer. For the gradual
decrease stage of the shock wave velocity, we developed a simpliﬁed model, which considers uniform water density between the wire
boundary and the shock wave front. The results of this model agree satisfactorily with the experimentally obtained shock wave trajectory and
radial expansion of the wire.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5092321

I. INTRODUCTION
1

High energy density physics and warm dense matter attract considerable attention because of their relevance to both theoretical and
experimental studies of material properties at the extreme conditions
found in astrophysics,2 planetary science,3 and inertial conﬁnement
fusion.4 Laboratory studies are important for validation of equations of
state (EOS) and developing conductivity models. Shock wave studies
have been a part of this subject for more than 70 years, enabling researchers to achieve warm dense matter in laboratory conditions.5,6 Different
methods for generating shock waves exist, such as gas guns,7 laser radiation techniques,8,9 and electrical explosions of conductors or discharges
in different insulator media.10 In one of the ﬁrst theoretical studies by
Taylor (1950)11 related to a blast wave, an instantaneous release of ﬁnite
energy conﬁned in an inﬁnitely small space was considered and the socalled square root model for the shock wave trajectory was obtained for
the ﬁrst time. An analytical solution for blast-wave propagation was later
considered independently by Sedov12 and von Neumann.13 Thereafter,
the shock wave implosion problem was solved by Guderley,14 Landau,15
and Stanyukovich.16 All these theoretical approaches considered a selfsimilar motion of the shock wave without taking into account the
dynamics of the piston that initially generates this shock.
In the 1950s, Sakurai17,18 and Lin19 adopted Taylor’s approach
for describing a divergent cylindrical shock wave. To test their

Phys. Plasmas 26, 042302 (2019); doi: 10.1063/1.5092321
Published under license by AIP Publishing

treatment, Bennett20 used exploding wires and investigated the
dynamics of the generated shock wave in air using a reﬂecting mirror
with a streak camera to obtain the shock wave trajectory. Another
group led by Jones utilized the self-similar approach to describe a
shock wave generated by lightning discharge21 and inverse pinch.22 A
detailed study of an expanding spark channel in different liquids and
observations of the shock waves were performed by Skvortsov et al.23
and Krivitskiy et al.24 In this research, the electrical discharge in water
was described using the so-called similarity parameters,25–27 providing
additional tools for characterizing the discharge process.
In the late 1990s, De Silva28 suggested using an electrical wire
explosion in water to study the electrical conductivity of dense plasmas. The main advantages of using water as a medium for wire explosion are the high voltage breakdown threshold, which prevents plasma
ﬂashover along the wire surface, and the relatively slow radial expansion of the wire due to the low compressibility of water. This allows
one to maintain high energy density deposition, and the transparency
of water allows streak cameras to be used to take images of the
exploded wires and the generated shock waves.
During the last two decades, strong shock wave generation by an
underwater electrical wire explosion in the 107–106 s timescale was
studied worldwide. The main research goals were to verify the EOS
and conductivity models for the exploding wire materials under
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extreme conditions. Additionally, different approaches involving
shock waves were investigated as part of the research on inertial conﬁnement fusion or destruction of solid materials.29 As a result, primary
attention was given to the implosion problem and shock wave uniformity in different geometries, cylindrical,30,31 spherical,32,33 and ring.34
Less attention has been paid to divergent shock wave dynamics, which
was described using self-similar solutions that assume instantaneous
energy release, neglecting the piston motion.
The main objective of the present study was to develop a simpliﬁed model that describes divergent shock propagation without assuming self-similarity and instantaneous energy release and to compare
this simpliﬁed model with experimental results. We show that the
shock wave and exploding wire radial expansions observed in shadow
streak images agree satisfactorily with the model. In addition, we performed one-dimensional (1D) hydrodynamic (HD) simulations35 coupled with the EOS for water and the wire material. The results of these
simulations are in good agreement with the model and show the initial
stage of the shock wave generation by the expanding wire with subsonic velocity while the main energy deposition into the wire occurs.
This paper is divided into ﬁve parts. The simpliﬁed model is
described in Sec. I. In Sec. II, we describe the experimental setup and
in Sec. III our results. In Sec. IV, we present the results of the model
and the HD simulations and compare them to the experimental
results. A summary is presented in Sec. V.
II. SIMPLIFIED MODEL OF THE DIVERGENT
CYLINDRICAL SHOCK WAVE
Let us consider the underwater electrical explosion of a single
wire characterized by the critically damped discharge which allows
almost all the energy stored in the pulse generator be deposited into
the wire during a time smaller than a quarter-period in the case of
underdamped discharge. During the explosion, the wire experiences
solid-state–liquid–vapor–low-ionized plasma phase transitions,
accompanied by a change in the wire volume, and consequently, by
the formation of a shock wave in the water. However, solidstate–liquid–vapor transitions lead to the formation of a weak shock.
A strong shock wave is generated during the vapor–low-ionized
plasma phase transition when the main energy deposition is realized,
leading to fast radial expansion of the exploded wire plasma channel
(cavity). Typical pressures realized at the cavity–water boundary for
the experimental conditions under consideration do not exceed 1010
Pa,36,37 allowing the use a polytropic equation of state5 for water at
that location
PðdÞ ¼

q0 c20 n
½d  1;
n

(1)

where c0 ¼ 1496:8 m=s38 is the velocity of sound in undisturbed
water at 296 K, n ¼ 7.15 is the polytropic index for water, dðtÞ
 qðtÞ=q0 is the water compression parameter, and qðt Þ and q0 are
the densities of water behind and in front of the shock, respectively.
To deﬁne the velocity of the shock wave front D ¼ dRsw =dt
where Rsw ðt Þ is the radius of the shock wave front relative to the wire
axis, one must know the water compression parameter dðt Þ behind its
front. Indeed, the value of dðtÞ determines the velocity of the shock as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dRsw
c20 ðdn  1Þd
:
(2)
D¼
dt
n d1
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In general, the density of the water inside the layer between the
shock front and cavity boundary, q, is a function of both time and
space. In our simpliﬁed model, we assume that the density of the water
inside this layer is uniform, implying that q is only a function of time.
It is understood that this assumption requires justiﬁcation, and hence,
it is addressed in Sec. IV.
Let us deﬁne Rch(t) as the radius of the expanding cavity relative
to the wire axis. The mass of the compressed water inside the layer
between Rsw(t) and Rch(t) is


M ðt Þ ¼ p R2sw ðt Þ  R2ch ðt Þ Lqðt Þ;
(3)
where L is the length of the cavity. The water mass change rate is dictated by the water penetrating into the compressed layer through the
shock wave front. Thus, equating the time derivative of Eq. (3) with
that of the mass of water entering the compressed layer through the
shock wave front 2pLq0 Rsw ðdRsw =dt Þ, one obtains an equation for the
time evolution of the water compression inside the layer


dRch
dRsw
dRsw
2d Rch
 Rsw
þ 2Rsw
dd
dt
dt
dt
¼
:
(4)
R2sw  R2ch
dt
The solutions of Eqs. (2) and (4) deﬁne the value D(t) for the
known cavity expansion velocity dRch =dt. The latter can be determined by equating the electrical power W(t) deposited into the cavity
of volume V ðt Þ ¼ pLR2ch ðt Þ with the sum of the cavity internal energy
density U and the work produced by the pressure P at the cavity–water
boundary. Assuming that low-ionized plasma inside the cavity can be
considered an ideal gas, U ¼ (3/2)P. This allows us to write
2gW ðt Þ ¼ 3V ðt Þ

dP dd
dRch
þ 10Pðt ÞpLRch ðt Þ
;
dd dt
dt

(5)

where g is the part of the deposited electrical power converted into the
heat and work for the water ﬂow generation by the cavity expansion.
Next, using Eq. (1), one obtains
2gW ðt Þ ¼ 3pLR2ch ðt Þq0 c20 dn1

dd
q c2
dRch
þ 10pL 0 0 ðdn  1ÞRch ðt Þ
:
dt
n
dt
(6)

The solutions of Eqs. (2), (4), and (6) using measured W(t) and g
as input parameters allow us to obtain the evolution of Rch ðt Þ, Rsw ðt Þ,
and dðt Þ, and, consequently, the shock wave velocity. A comparison of
this simpliﬁed model with experimental and HD simulation results is
presented in Sec. IV.
III. EXPERIMENTAL SETUP
The experiments were conducted using a microsecond timescale
high-current generator.39 The generator consists of four lowinductance high-voltage Maxwell type capacitors, connected in parallel
with the total capacitance of 10 lF, charged to 25 kV resulting in an
initially stored energy of 3.12 kJ. Each capacitor is discharged by a
multi-electrode spark gas switch triggered by a Maxwell generator
40230 producing a 70 kV, 15 ns long output pulse with a time jitter of
2 ns. The rise time of the discharge current on a short-circuit load of
inductance similar to that of the exploding wire is 1200 ns. The total
inductance and resistance of the discharge circuit are 65 nH and
0.01 X, respectively. Hereinafter, the terms Cu 600 and Al 800 are
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camera (Optoscope SC-10) operating with streak durations in the
range of 1–20 ls. Time synchronization between the generator and
streak camera was performed by a Stanford Digital Delay Generator
DG645, which also triggered the fast light emitting diode to produce a
marker at the streak image. The error in determining the time in streak
images was found to be 615 ns. At least two shots of the generator
were executed for each wire, showing reproducible waveforms of the
discharge current and voltage and repeatable shadow images of the
exploding wire. We estimate average errors of 67.5% and 610% in an
analysis of the shock wave and cavity trajectories, arising from nonideal optical alignment, ﬁnite density contrast, and streak nonlinearity.
IV. EXPERIMENTAL RESULTS

FIG. 1. Experimental setup.

used to refer to copper and aluminum wires having diameters of 600
lm and 800 lm, respectively. The length of the wires was 45 mm. The
choice of this parameter allows us to obtain almost critically overdamped discharge characterized by the fastest stored energy transfer
to the exploding wire (see Sec. II). The wire was stretched between a
grounded and a high-voltage electrode placed inside a stainless-steel
chamber (see Fig. 1) ﬁlled with de-ionized water.
The discharge current Id through the wire was measured using a
self-integrated Rogowski coil (65% error), and the voltage drop u
along the wire was measured by a Tektronix voltage divider (61%
error) connected to the high-voltage electrode. For the exploding wire
backlighting, we used a 155 mW diode-pumped, 532 nm CW laser
(MGL-III-532). The shadow images were obtained with a streak

Explosions of Cu 600 and Al 800 wires are characterized by
almost critically damped discharges with similar amplitudes and waveforms of the discharge current and resistive voltage
uR ¼ u  Lload ðdId =dt Þ, where Lload  12 nH is the load inductance
determined in short-circuit experiments. In Fig. 2, we present waveforms of the discharge current, resistive voltage, power, and energy
deposition to the exploding wires. The main parameters of these
explosions are shown in Table I. One can see that the discharge currents reach a maximal amplitude of 180 kA at almost the same time,
1150 ns, and the main energy deposition into the wire occurs during
1 ls. The efﬁciency of the initially stored energy in the generator
transfer to the exploding wires in these explosions is 75%.
Typical shadow streak images for Cu 600 and Al 800 explosions
overlapped with the deposited power (t ¼ 0 is related to the beginning
of the discharge current) are shown in Fig. 3. Spatial and temporal resolutions are identical in these images, namely, 37 lm/pixel and
14.4 ns/pixel, respectively. One can see the initial wires prior to the

FIG. 2. Waveforms of the discharge current, resistive voltage, power, and energy
deposition obtained in explosions of Cu
600 [(a) and (c)] and Al 800 [(b) and (d)].
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TABLE I. Main wire explosion parameters.

Material
Copper 600 lm
Aluminum 800 lm

Current
rise-time [ns]

Current
amplitude [kA]

Resistive voltage
amplitude [kV]

Resistance at the
voltage maximum [X]

Deposited
energy [kJ]

Maximal
power [GW]

1150
1150

172 6 9
188 6 10

27 6 0.3
26 6 0.3

0.26 6 0.01
0.22 6 0.01

2.45
2.28

3.7
3.2

beginning of the discharge current followed by bright self-emission
from the exploded plasma becoming visible, in spite of the narrow
band (1 nm) interference 532 nm-ﬁlter placed in front of the input slit
of the streak camera. The duration of this bright emission is roughly
equal to the period during which the main energy density deposition
into the wire occurs. One can also see that the fast expansion of the cavity, and consequently the generation of the strong shock wave (at that
time we can resolve neither the cavity nor the shock wave), appears at
the beginning of the fast rise in the deposited power, i.e., when one
obtains the vapor–low-ionized plasma phase transition. Detailed studies of this stage and stages where solid-state–liquid–vapor phase transitions occur were presented in Ref. 40. Finally, at t  2.5 ls, when the
main power deposition is already terminated and the expanding cavity
can be considered low-ionized gas, one obtains a signiﬁcantly slower
expansion of the cavity, accompanied by the fast radial expansion of
the shock wave and a rather turbulent compressed water layer between
the cavity boundary and shockwave front.
Analysis of the shadow streak images allows one to obtain the
shock wave and cavity expansion trajectories from the inﬂection point
(see Fig. 3). From that point, using markers with a constant time step,
the shock wave front and cavity boundary were analyzed to the last
clearly resolvable point. The results of this analysis, together with the
calculated shock wave front and cavity expansion velocities, are shown
in Fig. 4. One can see that there are two stages in the evolution of the
shock wave velocity. Namely, ﬁrst a sharp decrease in the velocity is
seen during the ﬁrst 1.5 ls from the time of the maximum discharge
current. This stage transforms to a slow decrease in the shock velocity
gradually approaching the speed of sound in undisturbed water. A
qualitatively similar evolution is obtained for the cavity expansion
velocity. In addition, one can see that the rise in the shock and cavity
velocities occurs at approximately the same time.

Here, let us note small differences in the temporal evolution of
shock and cavity velocities for the Al 800 and Cu 600 explosions. For
Al 800 wire explosions, one obtains a slower decay in shock and cavity
velocities than for Cu 600 wire explosion. This can be related to the
slightly different explosion parameters (see Table I), as well as to the
possible combustion of Al wires delivering additional energy to the
expanding cavity and generated water ﬂow. Nevertheless, despite this
difference, at t  16 ls, the shock waves for both Cu 600 and Al 800
wire explosions approach the same radius, namely, r  27.6 6 1.3 mm
and r  28.0 6 1.3 mm, respectively. In addition, for example, for Cu
600 wire explosions, the maximal resolvable shock velocity has a value
of 3  105 cm/s obtained at t  2.450 6 0.015 ls and
r  2.88 6 0.58 mm, which results in a pressure of 2.3  109 Pa and
a water density of 1.35 g/cm3 behind the shock wave front.
V. DISCUSSION
The experimental results show that strong shock wave generation
starts when the wire experiences the vapor–low-ionized plasma phase
transition, characterized by a fast increase in the resistance (3  105
X/s) and the beginning of the main energy deposition into the wire. A
drastic (during 107 s) increase in the temperature of the wire up to
104 K leads to a rapid increase in its volume. The latter results in a
signiﬁcant compression of water in the vicinity of the expanding wire
and the generation of a strong shock. Because of the high velocity of
3  105 cm/s acquired by the shock during the fast cavity expansion
stage when the main energy deposition occurs, the shock departs from
the cavity, which at that time decreases its velocity because the energy
deposition is terminated. The latter leads to a fast decrease in the shock
velocity from 3  105 cm/s to 2.1  105 cm/s within 1.5 ls. This
fast decrease in the shock velocity transforms to a slower gradual
decrease down to 1.65  105 cm/s during the next 14 ls. One can

FIG. 3. Shadow streak images for Cu 600 (a) and Al 800 (b) wire explosions overlapped with the deposited power.
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FIG. 4. Shock wave trajectory and velocity; the channel expansion and velocity for
Cu 600 [(a) and (c)] and Al 800 [(b) and
(d)] wire explosions.

consider that the slow stage of the shock expansion is associated with
the cavity’s continuing radial expansion. The latter pushes the water
layer, supplying the shock with additional energy, because the sound
velocity in the compressed water is greater than the shock wave
velocity.
Now, let us compare the experimental data with the simpliﬁed
model described in Sec. II and 1D HD simulations41,42 coupled with
SESAME EOS for water, copper, and aluminum35 using the measured
time-dependent electric power as input. The simulation results are veriﬁed by computing the total energy transferred into the water ﬂow,
which must be bounded by 24%43 and by matching the simulated with
the experimentally obtained shock wave trajectory.
A comparison of the shock and cavity trajectories and velocities obtained experimentally by 1D HD simulations and by the
simpliﬁed model is shown in Fig. 5. One can see a rather good
agreement between the simpliﬁed model and the experimentally
measured shock wave and cavity trajectories together with the calculated velocities. Only during 2 ls < t < 4 ls, which corresponds
to the fast decrease in the shock velocity stage, one can see some
difference between the model and the experimental results. A similar agreement between the experiment and the model was obtained
for the Al 800 wire explosion, except for a more pronounced difference in the cavity expansion at times t < 4.5 ls. Further, one can
see that the shock velocity (for both the Cu 600 and Al 800 wire
explosions) converges asymptotically (t 20 ls) to the sound
velocity, as predicted by the model.
However, one can see that, at t < 3 ls, the results of the 1D
HD modeling of shock wave trajectory do not ﬁt the experimental
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data well. This can be related to the uncertainty in the determination of the shock wave front position and cavity boundary at early
times.
The 1D HD simulation shows that the cavity expansion velocity
does not reach the speed of sound in undisturbed water during the
time of the main energy deposition into the wire. In addition, even
accounting for large errors at late times, the extrapolated experimental
data of the shock wave trajectory show that the maximal velocity of
the cavity expansion does not exceed 1450 m/s. Thus, the generation
of the shock wave occurs because of the formation of the compressed
water layer in the wire’s vicinity by the cavity expansion. At the beginning of this process, this density disturbance propagates outward from
the wire at the velocity of sound. However, cavity expansion with
increasing velocity [see Figs. 5(c) and 5(d)] leads to further water layer
compression, which propagates through the compressed water with a
velocity larger than the velocity of sound in undisturbed water.
Therefore, continuous expansion of the cavity leads to increasing density along the compressed water layer. This leads to the formation of
the shock wave when the density of water behind the front of the disturbance is larger than the normal density. Because the expansion
velocity of the cavity starts to decrease after the termination of the
energy deposition into the wire, the generated shock detaches from the
compressed layer. The latter results in the fast decrease in the shock
velocity, because its divergence is accompanied by a corresponding
decrease in the density behind the shock wave front. This phase continues till the shock velocity becomes equal to the velocity of sound in
the compressed water layer between the shock front and the cavity.
Indeed, the 1D HD simulations show that the shock velocity’s fast
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FIG. 5. Comparison of the experimental
results (black solid), the simpliﬁed model
(red solid), and 1D HD simulation (blue
solid) for Cu 600 [(a) and (c)] and Al 800
[(b) and (d)] wire explosions.

decrease transforms into a gradual decrease when the velocity of sound
in the compressed layer approaches the shock velocity.
One of the model’s main assumptions is that the density of
water inside the compressed layer at each instant of time is constant. However, the 1D HD simulations show a nonuniform radial
distribution of the density behind the shock wave front at t > 2 ls
(see Fig. 6). This apparent contradiction could be because, in the
model, the shock wave velocity is determined by the density immediately behind shock front, calculated by the solution of the differential Eqs. (2), (4), and (6), coupled with the polytropic EOS for

water using a 4th order Runge-Kutta algorithm. In the 1D HD simulations, the density behind the shock front is obtained as an averaged value for a given cell. Moreover, the shock wave front is
smeared because of an artiﬁcial viscosity introduced for smoothing
the shock. Here, let us note that the SESAME EOS has a relatively
rough array of density values, which necessitate linear interpolation to ﬁnd an appropriate value for the pressure. Thus, the comparative results of absolute density values from the 1D HD
simulation and the simpliﬁed model should not be considered
contradictory.

FIG. 6. Compressed layer’s radial density distribution at different time steps for Cu 600 (a) and Al 800 (b) wire explosions calculated by 1D HD as compared with the model
results for the density behind the shock wave front.
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VI. SUMMARY
The results of the experimentally measured shock wave trajectories and the corresponding calculated velocities were compared with
the results of the simpliﬁed model and veriﬁed by 1D HD simulations.
It was shown that, despite the model’s simplicity, which assumes uniform density inside the compressed water layer at each point in time,
the experimental data agree with the model predictions when the
velocity of the shock wave experiences a gradual decrease. The latter is
explained by the continuous expansion of the plasma channel formed
as a result of the wire explosion, which continuously supplies energy
to the shock. It was also explained that the fast decrease in the shock
velocity during the ﬁrst few microseconds of its propagation is related
to the subsonic dynamics of the exploded wire, which compresses the
water layer at the wire’s boundary.
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